Abstract: Several classes of transcendental equations, mainly eigenvalue equations associated to non-relativistic quantum mechanical problems, are analyzed. Siewert's systematic approach of such equations is discussed from the perspective of the new results recently obtained in the theory of generalized Lambert functions and of algebraic approximations of various special or elementary functions. Combining exact and approximate analytical methods, quite precise analytical outputs are obtained for apparently untractable problems. The results can be applied in quantum and classical mechanics, magnetism, elasticity, solar energy conversion, etc.
Introduction
Obtaining exact solutions for the equations of physics is a fascinating endeavour for scientists. However, this goal can rarely be achieved. In quantum mechanics, for instance, there are very few cases when, for a given problem, both the eigenfunctions and the eigenvalues can be obtained exactly. This happens when the Hamiltonian has some symmetry properties, or when it is extremely simple. But otherwise, even for the most elementary onedimensional potentials, like the square well potential, given by [1] : 
with V > , when the wave functions can be expressed in terms of elementary functions, the eigenvalues of the energy E (or of the wave vector k = m |E|) cannot be obtained exactly. Namely, the eigenvalues of the wave vector k are given by a transcendental equation:
where p is a dimensionless parameter, describing both the potential and the particle, and a is the length of the well. The solutions of (2) are
with ξ (p) satisfying the equation:
Evidently, ξ (p) cannot be written as a nite combination of elementary functions. Various methods exact or approximate -of solving eq. (2) - (4) have been recently discussed in [2] [3] [4] [5] .
What is currently called "to solve the Schroedinger equations for a square well", means actually to solve a linear Sturm -Liouville problem, i.e. to obtain the solutions of a linear di erential equation -the Schroedinger equation -which satisfy some boundary conditions. In the previously mentioned case, the solutions ψ (x) must vanish in the limit x → ∞. In other cases, for instance in the linear theory of elasticity applied to dipolar materials with voids [6] , or in the non-classical theories of thermoelasticity [7] , [8] , more general boundary conditions are imposed.
Similarly, the exact expressions of eigenvalues of energy (or wave vectors) of other quantum mechanical problems are the solutions of more or less similar transcendental equations (see for instance [9] ):
to quote the simplest examples only. In more complicated cases, instead of p, the r.h.s. of equations similar to (4) contains polynomials or rational functions of p, etc. Such equations do not appear in quantum mechanics only, but also in electromagnetism, uid dynamics, elasticity, etc. There are few systematic approaches of transcendental equations like (3) and (4) . One of them has been initiated by Stewart and his co-workers, some 40 years ago, using the theory of Riemann problems. Another one, developing the concept of generalized Lambert functions, was recently proposed by Mezö, Baricz and Mugnaini, and is subject of intense research.
Meantime, in order to obtain results which are not just numerical, but still preserve a dependence on the physical parameters of the problem, several analytic approximations for the solutions of the transcendental equations have been obtained, in the last decades. Also, mathematical symbolic computation programs, like Mathematica, provide a powerful tool to investigate, both numerically and, in some extent, analytically, the solutions of transcendental equations similar to (4) and (5) .
As the exact results are obtained by mathematicians who are not much interested in approximations, and the analytical approximations are obtained by physicists who are not much interested in exact (and sometimes very complicated) solutions, the exchange of information between researchers working in these elds is sometimes de cient. A better communication between scientists involved in these elds could be bene cial for nding new physical applications of mathematical results, semi-quantitative behavior of solutions whose exact form cannot be obtained, etc.
In this paper, we shall make an inventory of Siewert's exact results on transcendental equations, and we shall also mention the approximate analytical results, obtained by other researchers, in the study of these equations. We shall show how a combination of both approaches -the exact and approximate one -can be used for a better understanding of mathematical and physical aspects of the problems under examination.
The structure of this paper is the following. As Siewert's approach is the most comprehensive systematic approach of the transcendental equations, we shall use the series of his papers as the spinal column of our article. A short exposition of his results will be done in Section 2, where an introduction of the generalized Lambert functions is also presented. The rst speci c application is devoted to the Langevin function, discussed in Section 3; inter alia, an analytic approximation of the inverse Langevin function will be used in order to provide an approximate expression of a certain generalized Lambert function. Such approximations are useful not only in para-or super-paramagnetism, but also in polymer physics and in solar energy conversion.
In Section 4, equations involving hyperbolic and algebraic functions are studied, with applications to the Currie -Weiss theory of ferromagnetism. In Section 5, an approximate solution of an equation involving trigonometric and exponential functions, with applications into the theory of vibrating plates and quantum mechanics, is written in terms of Lambert generalized function, using an algebraic approximation of tan x. In Section 6, both the onedimensional movement of a point electric charge in the eld of another, xed charge, and the Kepler equation for hyperbolic orbits, are analyzed in terms of the Wright ω function. In Section 7, we shortly discuss two new applications of the Lambert functions in physics. In Section 8, two equations involving algebraic and trigonometric functions -one of them, pertaining to reactor physics, and the other one, to celestial mechanics (Kepler equation for elliptic orbits) are solved, using algebraic approximations of trigonometric functions. Section 9 is devoted to conclusions. [22] /S100, [23] /S108, Siewert and his co-workers -Burniston (for [10] , [11] , [13] , [15] , [16] , [19] , [20] ), Phelps III (for [22] , [23] ), Essig (for [14] ), Dogget (for [19] ) and Burkart (for [17] ) -studied the solutions of several transcendental equations, important for their physical applications. All the aforementioned publications are available, with open access, on Siewert's web page [24] ; the symbols /S50, /S52, etc., in the rst three lines of this paragraph, indicate the number of the respective paper in Siewert's publication list, on his web. The approach used in these papers is based "on complex variable analysis and requires ultimately a canonical solution of a certain Riemann problem; the solution of the suitably posed Riemann problem follows immediately from the work of Muskhelishvili [25] ", as stated in [11] . The e ort invested in this vast research is impressive, and the results are a pioneering and extremely valuable contribution to the development of the theory of transcendental equations. In the same time, the solutions obtained in this way are, in general, very complicated and di cult to use in physical applications.
Siewert's approach to transcendental equations and generalized Lambert functions
Recently, the interest for these solutions increased, as some of them can be expressed in terms of generalized Lambert functions, and put in a much more usable form, according to the results obtained by Mezö, Baricz [26] and Mugnaini [27] . Similar to the Lambert function W (a) , which is de ned as the solution of the transcendental equation:
the generalized Lambert function W (t , t , ...tn; s , s , ...sm; a) is the solution of a similar, but more complicated transcendental equation [26] :
The parameters t , t , ... are called upper parameters, and s , s , ... -lower parameters.
If the denominator, respectively the nominator of the fraction in eq. (7) is equal to -in other words, if the upper, respectively the lower parameters are absent -we shall denote the corresponding solutions W (−; s , s , ...sm; a) , respectively W (t , t , ...tn; −; a) .
However, as we shall see, not all the Siewert solutions can be expressed in therms of generalized Lambert functions.
The theory of these functions may seem (and e ectively be) very complicated, but, as Corless [47] notices, "the Lambert W function is the simplest example of a root of an exponential polynomial", i.e. of an expression of the form: (8) with P i (x) -polynomials in x, "and exponential polynomials are the next simplest class of functions after polynomials." The generalized Lambert functions are the roots of an exponential polynomial (8) corresponding to the case w = , w ≠ , P ≠ , P ≠ and all P i ≡ for i > . The cases already investigated correspond to the situation when both P and P have only real roots. Exponential polynomials similar to (8) may appear in the solutions of non-linear Sturm -Liouville problems (see, for instance, [48] , eq. (67), where the parameters w i are imaginary) or non-linear fractional Klein -Gordon equation (see, for instance, [49] , eq. (23), where the parameters w i are real). So, with the study of the generalized Lambert functions, we assist -and we are free to contribute -to a very important development of mathematics.
Till now, there are two cases when the generalized Lambert function can be put in a convenient form:
(1) If, in eq. (6), n = and m = , so it contains only one upper parameter, t = t and one lower parameter, s = s, t ≠ s, its solution can be written as series expansion around a = :
n is the derivative of the Laguerre polynomial. The inverses of the functions coth x− x (the Langevin function), (tanh x) /x and x tanh x can be expressed as generalized Lambert functions W (t; s; a) [26] .
(2) If, in eq. (6), n = and m = , so it contains only two upper parameters t and t , its solution can be written as a series expansion around a = :
where Bn are Bessel polynomials. The generalized Lambert functions represent a eld of intense research; for instance, recently Mezö [28] obtained the main properties of W (t; s; a) , when the parameters t, s, a are complex. We can expect that, in near future, equations similar to (9) and (10) will be obtained for other types of generalized Lambert function, besides W (t; s; a) and W (t , t ; −; a)
The applications of the generalized Lambert functions W (t; s; a) and W (t , t ; −; a) to various physical problems of quantum mechanics, magnetism or hydrodynamics were presented in [29] , [30] and [9] In the next section, we shall start our discussion concerning the Siewert solutions and generalized Lambert functions with the examination of transcendental equations involving the Langevin function.
Transcendental equations involving the Langevin function
In [20] , Siewert and Burniston obtained an exact analytical solution of the equation:
It can be written in terms of the Langevin function
as: 
according to [29] , [30] , [9] . It is easy to see that, if < x < ∞, then:
and: It is a simple exercise to check that the solution of (13), so the inverse of the function L (x) /x is a W (t , t ; s , s ; a) generalized Lambert function, namely:
So, the inverse of the Langevin function L (x) is a generalized Lambert function with one upper and one lower parameter, and the inverse of L (x) /x is a generalized Lambert function with two upper and two lower parameters. However, as there is no explicit formula for the dependence of W (t , t ; s , s ; a) of its parameter, eq. (17) seems to be of limited practical value.
Let us recall now the main applications of the Langevin function in physics. It has been rstly introduced in the context of classical theory of paramagnetism, where it gives the magnetization M as a function of the external magnetic eld H and temperature T:
(see for instance [31] , eq. (9.2)). Actually, this is the equation of state for a classical paramagnet. The same formula is valid for superparamagnetic nanoparticles (particles which are small enough to contain one single magnetic domain), at high enough values of temperature T [32], [33] . For physicists, it is important that the Langevin function is a particular case of a function which has a key role in the mean eld theory of magnetism, the Brillouin function B S , de ned as:
Another important particular case corresponds to the halfinteger spin, S = / , when
The Langevin function and its inverse are relevant not only for magnetism, but also for other domains of physics with important practical applications, as polymers (polymer deformation and ow) [34] , [36] , [37] or rubber elasticity [35] . An idealized model for rubber-like chain is given in Kubo's treatise of statistical mechanics [38] , Problem 17, Ch. 2, p. 135, and is illustrative for understanding how the Langevin function is used in this domain. Another application of the Langevin function pertains to solar energy conversion (daily clearness index) [40] . Actually, Keady noticed that the average of the daily clearness index can be expressed in terms of a Langevin function [39] . Researchers in these elds proposed a large number of useful analytical approximations for L (x) and L − (x). We shall
give an example.
Taking the inverse Langevin function in both sides of (13), we get:
which also determines the function x (α) , as eq. (13) or (11) do. Let us use, for L − (x), the very simple and precise approximation proposed by Kröger, see eq. (10) of [35] :
In this case, the transcendental equation
has an approximate, but precise and simple algebraic equation, whose physically convenient root is:
The identity
where x (α) is replaced with the approximate solution (25) , is ful lled with a relative error less than . , as we can see in the plot of Figure 2 .
So, we have the approximate relation:
Also, with (14) and (23):
In conclusion, using a precise analytical approximation for the inverse Langevin function (23), we obtained precise approximate analytical expressions for particular cases of generalized Lambert functions, (27) 
and (28).
Kruger's formula (23) is not the only very precise approximation of the inverse Langevin function; Keady [39] proposed the following one:
which is even more precise, as we can see in Figure 2 , but not useful for obtaining the inverse of L (x) /x. Actually, the error of Keady's approximation is essentially the error of the identity with L − (x) given by (27) . The di erence between the form of f (x) and g (x) is due to the di erence between the arguments of the Langevin functions in (22) and (27) . The usefulness of Kroeger's formula for putting the equation of state (18) in a more convenient form becomes more clear if we follow Arrot's approach [41] .
Equations involving hyperbolic and algebraic functions
In [17] , Siewert and Burkart studied the double zeros of the equation:
The physical signi cance of this equation is to be found in the Curie -Weiss theory of magnetism, where the magnetization M can be related to the magnetic eld H, the spin S and the temperature T by the equation of state:
(see [42] , eq. (6.14)), where g is the Lande factor, µ B -the Bohr magneton and λ -the molecular eld parameter. B S is the Brillouin function, de ned in the previous section. If S = / , the Brillouin function becomes the hyperbolic tangent, and eq. (30) coincides with (29) . For a very useful discussion of the physical signi cance of eq. (26), see the excellent study of the Curie -Weiss magnet [44] , eq. (22) . If b = , one obtains a numerical value for a, namely a = , equivalent to the determination of the Curie temperature (see for instance [42] , eq. (6.15) or [43] , Ch. 15, eq. (8)).
Geometrically, a double zero of (26) means that the line y (x) = x is tangent to the curve y (x) = tanh (ax + b) , consequently:
With (31), the tangency condition becomes:
and the solution of the problem is reduced to solving eq. (2) of [17] , which can be written as:
We can see that, actually, the problem involves only one parameter, b. The previous equation cannot be solved using generalized Lambert functions, as the argument of exponential is not linear, so the only one exact solution remains that of Siewert and Burkart, [17] .
In [14] , Siewert and Essig solved the Weiss equation of ferromagnetism:
Alternative ways of solving, exactly or approximately, this equation were presented in [45] , where the exact solution is written in terms of a Lambert generalized function with one upper and one lower parameter. The solution for the case h = was written as a generalized Lambert function W (t; s; a) in [29] , [30] .
Equations involving trigonometric and exponential functions
In [22] and [23] , the authors obtained the solutions of an equation basic to the theory of vibrating plates:
which appears also in quantum mechanics and electromagnetism. To nd the real solutions of (37) means to nd the real root of the exponential polynomial:
which is a generalized 3-upper and 3-lower complex parameter generalized Lambert function -a class of functions not studied yet. However, we can made a certain progress in nding an approximate analytic solution of this equation using the algebraic approximation for tan x [46] :
This formula can be easily extended for any real x [5] . Replacing tan x in (37) according to (39), we get:
so:
Eq. (40) is quite similar to the equation satis ed by the inverse Langevin function:
with x = L − (A) , so the recipes for obtaining L − could be useful also for an approximate evaluation of W in (41) .
As tanh x is, for x , a very slowly varying function, the roots of eq. (37) larger than π/ can be obtained, with reasonable accuracy, putting tanh x const on certain conveniently chosen intervals. For instance (see Figure 5 , where the parameter a from eq. (37) takes the value a = corresponding to the brown curve), the "exact" root x ∈ π, π/ of eq. (37) is x = .
. If we approximate, for x < x < π/ , the hyperbolic tangent as tanh x tanh π/ = . , eq.(37) becomes tan x = .
, with the convenient root x a = .
. The relative error of this approximation is about − . · − .
Applying the same method for a = − (corresponding to the green curve in Figure 3) , we nd for the root x of eq. (37), π/ < x < π, the approximate value x a = .
, instead of the "exact" value, x = .
, so with an error of about − . %.
So, for the practitioner working in applied physics, in a domain where the experimental error is larger than the aforementioned ones, this crude and over-simpli ed approach gives acceptable results, for pragmatic reasons. The rst root of the eq. (37) can be obtained for small values of a, after series expansions, as one of the roots of the algebraic equation:
which is a cubic equation in z = x . For instance, if a = . , the error of the result obtained in this way is about − % (x exact = .
, xapprox = .
). We can proceed similarly, when a >> , with the equation:
The Wright omega function
The Wright omega ω (x) function appears in the asymptotic form of two equations solved by Siewert and his coworkers. It is related to the Lambert function by the identity [47] :
In [19] , the authors solved a problem of elementary physics, obtaining "an exact analytical solution for the position-time relationship for an iverse-distance-squared force". Actually, they study the repulsive classical 1D movement of an electric charge in the eld of another xed charge. The repulsive force is given by the Coulomb law:
The initial condition is:
We shall describe the position of the moving charge by the dimensionless function x (t), de ned by:
After two integrations of the equation of movement, we get the relation between position x and time t :
with τ given by:
We shall study Siewert's result (48) at small and at large values of t. According to (48) ,
so, for t/τ , we can put:
and (49) can be approximated by:
and again, neglecting X with respect to
or:
√ X = t τ and nally:
At very small times, t τ, the movement is uniformly accelerated, as expected.
Asymptotically, x and (49) gives:
(57) Consequently:
where W is the Lambert function. With 45, the asymptotic formula (58) can be written equivalently as:
The asymptotic expansion of the Lambert function is:
Keeping only the rst term, the asymptotic formula (58) gives:
This is also an intuitive result, as, at very large distances, the repulsive force produced by the xed charge becomes negligible small, and the movement becomes almost uniform. So, we checked that the movement starts by being uniformly accelerated and ends by being uniform.
In [10] , Siewert and Burniston solved the Kepler equation for hyperbolic orbits:
whose solution cannot be reduced to generalized Lambert function. Asymptotically, sinh F → exp F and (62) becomes:
or, with exp F = f , F = ln f :
so, a Wright equation, whose standard form is [47] :
An interesting discussion about Kepler equation for both hyperbolic and elliptic (see Section 8) orbits is given in [51] .
Lambert function and generalized Lambert functions
In [16] , Siewert and Burniston found the solution of the equation:
i.e. obtain an expression for the W Lambert function, a being a complex parameter [50] . In [12] , Siewert solves "the familiar critical equation, described by age-di usion theory, for a bare nuclear reactor":
for B (the buckling).
In [18] , the author solves a more complicated equation:
with a -a complex parameter. So, he obtains an expression for the function W ( ; −b; a), which can be written, at its turn, in terms of the Mezö -Baricz function Wr . For a -real, the author refers to a paper of Wright [52] .
Transcendental equations involving trigonometric and algebraic functions
In [15] , the authors studied "the critical condition for a spherical reactor, described by elementary di usion theory, surrounded by an in nite re ector":
This equation can be written as:
so its solution is a generalized Lambert function of imaginary argument, with one upper and one lower complex parameter. This class of functions was recently studied by Mezö [28] . We can easily obtain an approximate analytical solution of (69), using the algebraic approximation of the tangent [46] , [5] . We get, in this way, instead of (69), an approximate equation:
which can be reduced to a second degree algebraic equation:
For a = , b = , n = , the root of this equation is xapprox = .
, and the root of (69) is x exact = . , so the error is about . %.
In [13] , Burniston and Siewert solved the equation:
which appears in quantum mechanics (de ning the eigenenergies of a particle in a square well potential), in electromagnetism, in elasticity, in optics etc. Somewhat later, Siewert obtains a simpler solution [21] . A very precise approximate analytic solution of (73) was obtained through algebraization [2] [3] [4] [5] ; it is useful, for instance, for the calculation of energy levels in heterojunctions and quantum dots. A more complicated variant of (73) is the Kepler equation for elliptic orbits [10] (the eccentricity, usually noted by e, will be written as ε, in order to avoid the confusion with the basis of Nepperian logarithms):
We can obtain a quite precise solution of (74) approximating the rst half-bump of sin by a cubic polynomial:
where the coe cients a, b can be determined by imposing the conditions:
We nd:
which ts quite well the function sin x, for < x < π/ , as we can see in Figure 4 . If e = . , M = . , replacing sin x with the polynomial (77) in the Kepler equation (74), we obtain the solution x p = .
, while the "exact" solution is x e = .
; so, the error is ε × − . If e = . and M = . , the polynomial approximation gives x p = . , and the "exact" solution is x e = .
, so the error is ε . × − . The plots in Fig. 4 show, intuitively, why the second approximation is more precise.
Conclusions
This paper is essentially focused on the transcendental equations studied by Siewert and his coworkers, considered in conjunction with the results obtained recently in the theory of generalized Lambert functions. Siewert's exact (and very complicated) results are replaced, whenever possible, with the approximate analytical solutions of the same equations, obtained with some simple techniques. Some other results of Siewert and his coworkers, not connected to the generalized Lambert functions, are also discussed; in two cases, the asymptotic behavior of Siewert's solutions are expressed in terms of Wright ω function. As sometimes the approximate expressions of the generalized Lambert functions are very precise (and their exact expressions are di cult to obtain), these approximations could provide a useful guidance of their exact behavior. Also, the "algebraization" of the transcendental equations (i.e. the replacement of the trigonometric functions with their various algebraic approximations) can provide, sometimes, surprisingly precise analytic solutions. They can be successfully used in applied physics or in the elementary presentation of advanced problems.
